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Isotropic loop quantum cosmology with matter
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A free massless scalar field is coupled to homogeneous and isotropic loop quantum cosmology. The coupled
model is investigated in the vicinity of the classical singularity, where discreteness is essential and where the
quantum model is nonsingular, as well as in the regime of large volumes, where it displays the expected
semiclassical features. The particular matter content~massless, free scalar! is chosen to illustrate how the
discrete structure regulates pathological behavior caused by kinetic terms of matter Hamiltonians~which in
standard quantum cosmology leads to wave functions with an infinite number of oscillations near the classical
singularity!. Because of this modification of the small volume behavior the dynamical initial conditions of loop
quantum cosmology are seen to provide a meaningful generalization of DeWitt’s initial condition.
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I. INTRODUCTION

Since the early days of canonical quantum gravity@1,2#
isotropic cosmological models have been popular test
jects. In the geometrodynamical approach quantum state
considered to be continuous functions of one or more v
ables, typically metric or extrinsic curvature quantities
space-like slices, and of matter variables if the system
coupled to matter. Whereas in general geometrodynamics
configuration space for wave functions is the ‘‘superspace
geometries’’ with infinitely many degrees of freedom para
etrizing the metric at each point of space, the number
degrees of freedom of homogenous models reduces to
nite amount since all geometric quantities are spatially c
stant. Such ‘‘mini-superspace’’ models thus become acc
sible to quantum mechanical methods, while one has to
careful when interpreting the results in light of the stro
reduction of the number of degrees of freedom. The isotro
model represents the smallest possible minisuperspace
only one geometric degree of freedom, the radius of the u
verse.

In the classical limit at large volume such models are w
behaved and reproduce their classical counterpart. The p
lem of the classical singularity at zero volume, however
not cured, which is related to the fact that spectra of geom
ric operators remain continuous in standard quantum cosm
ogy. ~Nevertheless, at the level ofexpectation valuesthe ex-
pansion or contraction velocity, for example, may rem
finite and discrete features may emerge@3#.! On the other
hand, loop quantum cosmology@4# inherits from quantum
geometry a discrete structure of geometry@5,6# which is
most relevant at small scales. Still, at large volume stand
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quantum cosmology emerges as an approximation@7# which
is very good in the semiclassical regime but not applica
near the classical singularity, where quantum effects of gr
ity become dominant and the discreteness of geometry a
scale of the Planck length becomes essential. The disc
ness leads to a resolution of the singularity problem throu
the following mechanism: Already at the kinematical lev
there is an indication for a natural curvature cutoff since
classically diverging quantitya21 has a finite quantization
with an upper bound of the size of the inverse Planck len
@8#. Furthermore, an investigation of the dynamical evoluti
confirms that the classical singularity does not appear a
boundary but instead allows a well-defined evolution throu
it @9#.

In the context of the present paper we are mostly int
ested in another consequence of loop quantum cosmol
namely, that it predicts dynamical initial conditions whic
are derived from the evolution equation@10#. The issue of
initial conditions in quantum cosmology has been wide
discussed@1,11,12#, in part as an attempt to deal with th
singularity. DeWitt’s initial condition, which is closely re
lated to the outcome of the dynamical initial conditions, r
quires the wave function to vanish at the classical singula
~which, however, with continuous geometrical spectra d
not solve the singularity problem since one can still get
bitrarily close to vanishing volume@14#!. On the other hand
it is well known that DeWitt’s condition is not applicable i
general because in most cases it would predict an identic
vanishing wave function. A particularly thorny issue, also f
other boundary proposals, is the fact that solutions to
Wheeler-DeWitt equation often exhibit an infinite number
oscillations between the vanishing scale factor and any fi
value. In such a case, the limit of the wave function fora
→0 is not always well defined and one cannot even imp
initial conditions ata50. The origin of the infinite number
of oscillations is the kinetic term in a matter Hamiltonia
©2002 The American Physical Society03-1
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which is proportional toa23. At small a, the Wheeler-
DeWitt equation requires the derivative of the wave funct
to be proportional to the square root of the kinetic ter
which diverges fora→0. Usually, one tries to avoid thi
problem by choosing a wave function which is independ
of the matter field at smalla so that the matter momentum
vanishes and the kinetic term is identically zero. Howev
for larger volume the wave functionmust depend on the
matter field non-trivially which forces a dependence at sm
volume, too. Even if the dependence is only weak, the
verging kinetic term will eventually dominate whena is
small enough. In the present paper we investigate if ther
a more natural way to deal with this problem from the po
of view of loop quantum cosmology.

Since this problem is caused by the kinetic term indep
dently of the potential, we will analyze it in the most simp
setting, which is isotropic loop quantum cosmology coup
to a free massless scalar field. In this way, the total quan
Hamiltonian acts on the state function containing one deg
of freedom of geometry and one of matter. The formulat
is based on@4,8# where a discrete orthonormal basis of sta
of homogeneous and isotropic quantum geometry has b
established which provides eigenstates of the volume op
tor.

This paper is organized as follows. In Sec. II the quant
Hamiltonian constraint equation with a massless scalar fi
is formulated, leading to a difference equation which
solved in Sec. III. In Sec. IV the continuum and semiclas
cal limit are considered and possible physical conseque
are discussed. Section V deals with a comparison of diffe
proposals for initial conditions.

II. THE QUANTUM HAMILTONIAN CONSTRAINT

We begin with the Lagrange density of a massless sc
field f on a spacelike slice of a canonically decompos
4-dimensional space-time manifold,

Lf5 1
2 @ḟ22~¹f!2#,

where¹ denotes the spatial derivative on the slice and
dot the derivative with respect to the time coordinate. In o
case, the spatially flat Friedmann model with the metric

ds252dt21a2~ t !@dx21dy21dz2#,

the total matter Lagrangian becomes

Lf5E d3x A2g L5 1
2 E d3x a3 ḟ2,

where, in order not to disturb homogeneity,f is assumed to
be spatially constant so that the gradient term vanishes i
tically. The integral over the coordinate depending term,
the total volume divided bya3, will be set equal to one
which can be achieved by an appropriate compactificat
For the Hamiltonian of the field we obtain

Hf5 1
2 pf

2 a23 ~1!
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wherepf5a3ḟ is conjugate tof.
Together with the gravitational part of the Hamiltonia

constraint@4# we obtain in the isotropic case

H526g22k21c2Aupu1Hf

526g22k21c2Aupu1 1
2 upu23/2pf

2 50 ~2!

where the canonical gravitational degrees of freedom are
isotropic connection componentc and~densitized! triad com-
ponentp which fulfill $c,p%5 1

3 gk. Here, k58pG is the
gravitational constant andg the Barbero-Immirzi paramete
@16# whose value does not affect the classical behavior~but it
is important for the quantum theory since it scales the spe
of geometric operators!. Becausep is a triad component
which has two possible orientations, it can take both posit
and negative values. This is also true for the scale factoa
which is the isotropic co-triad component and related top by
p5sgn(a)a2. From now on, however, it will be sufficient t
consider only positive p and a~though we keep absolut
value signs in some formulas for the sake of generality!. The
connection componentc is related to the extrinsic curvatur
and therefore to the time derivative ofa by c5 1

2 ȧ.
In the absence of a potential, the matter momentumpf

5v is a constant in time and the solution

c5 1
2 gAk/3v/p ~3!

of Eq. ~2! only depends onp. To understand the classica
evolution in a coordinate timet ~with lapse functionN51)
we compute

ṗ5$p,H%54g21cAp52Ak/3vp21/2

yielding p(t)5a(t)25@A3k v(t2t0)#2/3, i.e. an eternally
expanding universe.

Now we quantize the field canonically by assuming
wave functionx(f) and the canonical momentum acting
a derivative operator on it,

p̂fª2 i\
d

df
, ~4!

so that the Hamiltonian for spatially constant fields becom

H̃f52 1
2 \2uau23

d2

df2
~5!

~it is denotedH̃f since we will later introduce another op
eratorĤf in which a is also quantized!.

For a quantization in the complete system of gravity a
matter we need a quantization of the inverse poweruau23

which diverges classically close to the singularity. In sta
dard quantum cosmology this would simply be quantized
a multiplication operator acting on wave functions depend
on a, which does not cure the divergence. Loop quant
cosmology, on the other hand, can easily deal with this pr
lem: while the volume operator has zero eigenvalues and
no well-defined inverse, there are well-defined quantizati
3-2
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of inverse powers of the scale factor@8#. This inverse power
of the scale factor is essential for the issues studied in
present paper. The details of the quantization of the ma
field are irrelevant; one can also use quantization techniq
inspired from loop quantum gravity~see e.g.@15#!.

To specify the gravitational part of the wave function
loop quantum cosmology we start in the connection rep
sentation where an orthonormal basis is given by@4#

^cun&5

expS 1

2
incD

A2 sin
1

2
c

, nPZ. ~6!

A stateun& can be interpreted as an ‘‘isotropic spin netwo
state’’ where (unu21)/2 plays the role of the spin label. A
seen from the full theory, however, these states are distr
tional as a consequence of the symmetry and correspon
non-normalizable superpositions of ordinary spin netw
states. Still, the discrete structure of geometry is preser
when restricting to the statesun&: They are eigenstates of th
volume operator

V̂un&5~ 1
6 g l P

2!3/2A~ unu21!unu~ unu11!un&5:V(unu21)/2un&
~7!

with discrete eigenvalues. Ifn is small the effects of the
discreteness become most significant and there are de
tures from the classical geometry. For instance, there
well-defined inverse scale factor operator which also has
statesun& as eigenstates and action~we only use the diagona
part of the operatorm̂IJ derived in@7#!

uau21̂un&516~g l P
2!22~AVunu/22AVunu/221!2un& ~8!

with l P5Ak\ being the Planck length@in Eq. ~8! V21 is
understood to be zero#. As discussed in@17#, the quantization
of the inverse scale factor is affected by quantization am
guities. The effect of different choices will be discuss
later; they do not lead to substantial changes in most of
following calculations and results.

The action of the gravitational Hamiltonian on the ba
statesun& is @4,13#

Ĥgravun&53g22~kg l P
2!21sgn~n!~Vunu/22Vunu/221!

3~ un14&22un&1un24). ~9!

Now we write the states of the coupled system matter p
gravity as a superposition of geometry eigenstates

us&5 (
n52`

`

sn~f!un& ~10!

with f-dependent coefficientssn(f) which represent the
state in the triad representation. We use Eq.~8! to quantize
the inverse volume in the matter Hamiltonian~5!. Since the
gravitational part of the resulting operatorĤf is diagonal in
the basis statesun& we can define
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Ĥfun& ^ uf&5:un& ^ Ĥf~n!uf& ~11!

for eachun& and arbitraryuf&. For the massless field we onl

have to insert the eigenvalue ofuau21̂ in a stateun&, so we
obtain

Ĥf~n!52 1
2 \2163~g l P

2!26~AVunu/22AVunu/221!6
d2

df2
.

~12!

Finally, a stateus& is annihilated by the total Hamiltonian
the sum ofĤgrav in ~9! andĤf in Eq. ~11! with Eq. ~12!, if sn
satisfies@we absorb the sign ofn appearing in Eq.~9! into the
wave function#

~Vun14u/22Vun14u/221!sn14~f!

22~Vunu/22Vunu/221!sn~f!

1~Vun24u/22Vun24u/221!sn24~f!

5a\2~AVunu/22AVunu/221!6
d2

df2
sn~f! ~13!

with

aª 2048
3 kg2~g l P

2!25. ~14!

Note that the Barbero-Immirzi parameterg appears ina
and also in the prefactor of the spectra~7! and~8!. Therefore,
quantitative results, which are also discussed later in the
per, will depend on the value of this parameter. Technica
g arises as a quantization ambiguity which has to be fixed
observations or by comparing the results of explicit calcu
tions with those obtained by other means. This has been d
using the expected Bekenstein-Hawking result for the
tropy of a black hole which yields the valueg5 log 2/pA3
'0.13 independently of the black hole parameters@18,19#.
In the flat isotropic model studied here,g can be understood
physically as a parameter controlling the continuum limit@7#,
just as\ controls the classical limit. In the full theory,
similar role ofg in this context is not clear.

Equation~13! is a difference equation of order 8 for th
wave functionsn(f) in the internal timen. A priori, there
could be a problem at zero volume since some of the co
ficients of the difference equation can vanish due toV21
5V21/25V050. In fact, the coefficient ofs0(f)—and only
this one—always vanishes~note that, unlike in a classica

equation,uau21̂ annihilates the zero-volume state which re
resents the classical singularity!. Thus, there is always a so
lution sn(f)5s0(f)dn0 which is orthogonal to all other so
lutions and need not be taken further into account. The o
free function then issn(f) for n54, from which one can
computes8, and so on, yielding all coefficientss4m(f) as
functions ofs4(f). The intermediate valuess4m1 i(f) for i
51,2,3 are essentially fixed by the principal seriess4m(f)
by requiring that the wave function does not vary strongly
small scales ifn is large~i.e. that it is pre-classical@10#!.
3-3
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The simplest choice for the free functions4(f), besides a
constant, is an eigenfunction of the matter Hamilton
Ĥf(4) for n54,

s4~f!5x~f!ªeivf/\ ~15!

wherev is the eigenvalue ofp̂f . ~A spatially constant mass
less field on Minkowski space with a non-vanishing ene
eigenvalue would not be possible, but here geometry act
a potential.! Becausex(f) is an eigenfunction for all
Ĥf(n), the f dependence of all thes4m is the same. This
will simplify the analysis since we can compute the wa
function from an ordinary difference equation rather than
difference-differential equation; the combinatio
sn(f)e2 ivf/\ will be f independent.

We do not intend to justify the initial condition~15! with
any givenv by a physical argument; rather, we choose it
simplify the subsequent calculations while retaining qual
tive aspects as to the behavior of the wave functionsn(f)
fi

g

e

s

c
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close to the classical singularity in the presence of mat
The advantage of an initial condition like Eq.~15! is that the
gravitational and the matter degree of freedom separate
that then behavior of the wave function is still given by a
ordinary difference equation. If a more complicated functi
than Eq.~15! is required, it can always be constructed as
suitable superposition of our solutions with differentv.

III. SOLUTIONS OF THE HAMILTONIAN CONSTRAINT

Having made the above observations abouts0 ands4, we
begin with insertingn54 into Eq. ~13! and obtains8 in
terms ofs45x(f),

s8~f!5
2~V22V1!2av2~AV22AV1!6

V42V3
x~f!

and, in consequence, all
s4m~f!5
2~V2m222V2m23!2av2~AV2m222AV2m23!6

V2m2V2m21
s4m24~f!2

V2m242V2m25

V2m2V2m21
s4m28~f! for mPN. ~16!
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For an explicit calculation of the coefficientss4m it is
convenient to introduce some shorthand notations. We de

DnªVn2Vn21 and Wnª~AVn2AVn21!6,

then we split off the f dependence by definin
f-independent coefficientsr m by r 050, r 151 and

s4m~f!5:
r m

D2mD2m22 . . . D4
x~f! for m>2.

Inserting this into Eq.~16! yields a recurrence relation for th
r m :

r m5~2D2m222av2W2m22!r m212D2m22D2m24•r m22 .

~17!

An explicit solution can be found after calculating a fewr m ,
and confirmed by induction:

r m5 (
k50

m21

~2av2!k (
$ j 1 , . . . ,j k%

j 1~ j 22 j 1!•••~ j k2 j k21!

3~m2 j k!W2 j 1
•••W2 j k

D2 j k11
•••D2 j m21

. ~18!

This formula has the following meaning:j 1 , . . . ,j k are in-
tegers between 1 andm21, according to the ( k

m21) possi-
bilities to choosek numbers out of$1,2, . . . ,m21%, ar-
ranged in increasing order. The numbersj k11 , . . . ,j m21
appearing as labels ofDn are given by the remaining value
in $1, . . . ,m21%\$ j 1 , . . . ,j k% in an arbitrary ordering. The
casek50 is to be understood in the way that from the fa
ne

-

tors containingj there remains only the last one,m2 j 0, with
j 0 defined to be zero, so that this contribution
mD2•••D2(m21) .

For the purpose of numerically calculating the coefficie
in terms of a given initial one the recurrence relation~17!
may be more convenient than the solution~18!.

Inserting n50 into Eq. ~13! leads tos24(f)5s4(f).
Further on, Eq.~13! is symmetric in the sense that the rel
tions betweens24 , s28 , s212, . . . are the same as the re
spective relations fors4 , s8 , s12, . . . and so the seriess4m is
symmetric inm. By the argument of pre-classicality@7# this
symmetry applies to the remaining seriess4m1 i as well. With
the physical interpretation ofn as an internal time we hav
obtained time symmetry of our wave function with respect
the classical singularity.

IV. CONTINUUM AND SEMICLASSICAL LIMIT

For largen, whenVn becomes very large in compariso
with l P

3 , the discreteness should only lead to small corr
tions, i.e. the discrete time evolution fromn to n14 should
become well approximated by a continuous evolution. Un
this assumption the difference equation should be appr
mated with high accuracy by a differential equation for
continuous wave functionc(p,f)5sn(p)(f), where n(p)
56p/g l P

2 can be derived from the volume eigenvalues~7!.
Usually, the original difference equation is of higher ord
than the resulting differential equation in the continuum a
proximation and thus has more independent solutions. H
ever, most of these solutions will vary strongly if one go
from n to n11, i.e. if the volume is changed by one Plan
3-4
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cube. Such a solution cannot be expected to behave al
classically, not even at large volume. Onlypre-classical@10#
solutions which do not vary strongly at small scales if t
volume is large can be allowed for a semiclassical analy
and only those solutions can be recovered from the appr
mating differential equation. As discussed in@10#, among the
solutions of the difference equation there is always o
which is slowly varying at small scales for largen and so
justifies the assumption of pre-classical behavior.

A. Large volume behavior

To approximate Eq.~13! by a differential equation it is
convenient first to make a slight change of variables.
define the new variable~working only with positiven.0)

tn~f!ª~g l P
2!21~Vn/22Vn/221!sn~f! ~19!

which for large n is approximated by tn(f)
; 1

2 Ap(n)c„p(n),f…5:c̃„p(n),f…. In terms of tn(f) the
evolution equation becomes

tn14~f!22tn~f!1tn24~f!

5a\2
~AVn/22AVn/221!6

Vn/22Vn/221

d2

df2
tn~f!. ~20!

Furthermore, we need the asymptotic approximations

Vn/22Vn/221;2421/2~g l P
2!3/2n1/2

5 1
2 g l P

2Ap~n!~AVn/22AVn/221!6

;~ 3
128 !3/2~g l P

2!9/2n23/2

5~ 1
4 g l P

2!6p~n!23/2.

For the differences operator on the left-hand side of Eq.~20!
we obtain in the continuum limit 16]2/]n2

5 4
9 (g l P

2)2]2/]p2, acting on the functionc̃(p,f), so the
asymptotic equation becomes

F 4l P
4

3k\2
p2

]2

]p2
2

]2

]f2G c̃~p,f!50. ~21!

Note that a standard quantization in geometrodynam
would have ordering ambiguities in the gravitational part
the Wheeler-DeWitt equation, whereas the derivation h
leads to a unique ordering in loop quantum cosmology@4#.

The variables in this partial differential equation can
separated by a product ansatz,

c̃~p,f!5N~p!x~f! ,

so that we obtain
10400
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4l P
4

3k\2
p2

N9

N
5

x9

x
52v2/\25const.

We assumev2.0, because the matter Hamiltonian is e
pected to have a positive spectrum. With this assumption
solution x coincides with the function used fors4 in Eq.
~15!, denoted by the same letter. The ordinary differen
equation forN(p) has the solutionsN(p)5pl with

l5 1
2 6A 1

4 2 3
4 kv2l P

24. ~22!

The asymptotic differential equation~21! applies also for
t4m1 i for i 51,2,3, so, in order to have a smooth function f
largen we assume thef dependence of the remaining thre
free coefficientss1 , s2 ands3 to be the same as that ofs4,
given by the functionx(f), endowed with constant factor
which could be fitted by a numerical analysis.

The last result~22! deserves some discussion, becaus
provides a threshold for a qualitatively different behavior
the solutionN(p), according to the sign of the expressio
under the square root. Ifv is smaller than a critical value
determined by

vc
25 1

3 l P
4/k5 1

3 k\2, ~23!

the exponentl is real and forv going to zero one solution
for N(p) approachesp, the asymptotic function for the
vacuum calculated in@4#, the other one approaches a co
stant. Forv larger thanvc

N~p!5p1/2p6 iV5p1/2e6 iV log p ~24!

with

V5 1
2 A3kv2l P

24215 1
2 \21A3v2/k2\2. ~25!

Reconstructingc(p,f) from c̃(p,f) we finally obtain

c~p,f!52e6 iV log peivf/\. ~26!

Formally this solution is a quantum mechanical wave fun
tion of a particle moving from small values ofp to larger
ones with decreasing speed, whereas solutions with
powers of p, coming from undercritical values ofv, are
lacking such a dynamical interpretation. An example of
oscillating solution can be seen in Fig. 1 forv25500vc

2 , a
non-oscillating one withv25 1

2 vc
2 in Fig. 2.

Note that the presence of a critical frequencyvc depends
on the ordering of the Wheeler-DeWitt equation; choosin
e.g., the orderingp]/]p(p]/]p) instead ofp2]2/]p2 would
give oscillating solutions for all non-zerov. Therefore, stan-
dard quantum cosmology cannot imply such a behavior r
ably. Loop quantum cosmology, on the other hand, ha
distinguished ordering and thus predicts the existence o
critical frequency for the system studied here.

Before interpreting the physical significance ofvc we
note that the possibility of a non-oscillating wave functio
3-5
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for v2,vc
2 is not in contradiction with semiclassical beha

ior at large volume. The standard semiclassical analysis
quires oscillating~WKB! solutions which in our case can b
derived from Eq.~3! after replacingc with 1

3 gk]S/]p and
are given by NWKB(p)5exp(iS/\)5exp(iVWKBlog p) with
VWKB5 1

2 A3kv/ l P
2 . For v2@vc

2 the frequencyV in fact
reduces toVWKB . The non-oscillating solutions forv2

,vc
2 cannot be interpreted in this way, but this should not

expected since in the classical limitvc5 1
3 k\2 vanishes and

so any non-zero frequency will be larger than the criti
one.

B. A critical energy

We have seen that loop quantum cosmology predicts
presence of a critical frequency for a dynamical evolution
the particular model studied here. While this prediction
reliable~in contrast to standard quantum cosmology wher
may or may not exist, depending on the factor ordering
the constraint!, we will see that the precise value depends
quantization ambiguities of a different kind.

For an interpretation ofvc we first compute the assoc
ated (1/a-dependent! eigenvalues of the matter Hamiltonia

E~a!5 1
2 uau23v2. ~27!

In standard quantum cosmology, this expression is
bounded from above and does not have a distinguished v
which would be suitable for an interpretation. In loop qua
tum cosmology, on the other hand, we do have—for a gi
v—an upper bound forE which can serve as a natural valu
for an interpretation. Taking for 1/uau the maximal eigen-
value of the inverse scale factor operator, occurring an
52, we get a relation between the maximal field ene
concentrated inV1/25

1
6 (g l P

2)3/2 andv2:

FIG. 1. Thef-independent parts4m(f)e2 ivf/\ of the discrete
wave function (3) compared to a continuous solution to th
Wheeler-DeWitt equation~dashed line! for v25500vc

2 . Strong de-
viations occur only at very smalln54m ~see Fig. 4! and will be
discussed later.
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33~g l P
2!3/2

v2.

By insertingv2 into Eq. ~25! the distinction between oscil
lating and non-oscillating behavior can be expressed in te
of this initial energy,

V5
9Ap

32
g3/4AEmax

EP
2

256

81p
g23/2, ~28!

with EP denoting the Planck energy 8p\/ l P5 l P/G. This
expressesV in terms of the ratioEmax/EP, whose critical
value (256/81p)g23/2'1.006 is close to one forg equal to
one, but has the larger value'21.5 for the valueg
5 log2/pA3'0.13 which has been computed by compari
the black hole entropy resulting from a counting with
quantum geometry with the semiclassical Bekenste
Hawking result@18,19#. Only if Emax/EP is larger than the
critical value can a dynamical evolution of the classic
Friedmann model set in.

This observation implies that we need a maximal ene
in a Planck volume whichexceedsthe Planck energy, being
apparently in conflict with the heuristic but widespread e
pectation that there can be at most an energy amount ofEP in
a Planck volume.~Often, the holographic principle@20# is
used to arrive at this conclusion. In the present context, th
is no direct contradiction of results obtained within the fo
malism used here.! Usually, inflation is invoked to explain
how the huge amount of energy in the present universe
have originated from a Planck scale universe. Here we
see that the relation between the maximal energy and in
tion is even more intimate in loop quantum cosmology: O
can reduce the critical value forEmax/EP by using a different

FIG. 2. A subcritical (v25
1
2 vc

2) wave functions4m(f)e2 ivf/\

compared with the continuous DeWitt wave function~solid line!
and a continuous wave function which does not satisfy DeWi
initial condition ~dashed line; any such solution diverges ata
50).
3-6
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quantization for the inverse scale factor instead of Eq.~8!
parametrized by an ambiguity parameterj ~a non-zero half-
integer, see@17#! such that

uau j
21̂un&5144@ j ~ j 11!~2 j 11!#22~g l P

2!22

3S (
k52 j

j

kAV(un12ku21)/2D 2

. ~29!

As derived in@17#, the maximal value ofuau j
23 is then at-

tained if n52 j and approximately given byVj
21 ~the ap-

proximation gets better for largej ). This gives a maximal
energy

Emax,j;
1
2 v2Vj

21; 1
2 v2~g l P

2!23/2~3/j !3/2

and

V;A4p321/4~g j !3/4AEmax,j

EP
2

A3

16p~g j !3/2
.

The critical value (A3/16p)(g j )23/2'0.74j 23/2 for Emax/EP
is then suppressed byj 23/2 and much smaller than one fo
largej ~note that this critical value forj 5 1

2 does not coincide
with the one obtained above because the approximation
the maximum of Eq.~29! is bad for very smallj ). Moreover,
the maximal energy is not obtained in the initial Planck v

ume but in a volume of sizeVj;( 1
3 jAg l P)

3. As observed in
@21#, using a quantization with a large value ofj also leads to
a prolonged phase of inflation in the very early univer
displaying the relation between a maximal energy below
Planck energy and inflation.

A large value ofj modifies the small volume behavior o
the wave function considerably~Fig. 3!. Its oscillation length
and amplitude first decrease with increasing volume, wh
is characteristic of an accelerating universe. When the m

FIG. 3. A wave function with an extended inflationary pha
( j 5200) and standard behavior at large volume forn.2 j 5400
(v25500vc

2).
10400
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h
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mal value foruau j
23 is reached, standard behavior~26! sets in

with increasing oscillation length toward larger volume.

V. COMPARISON WITH CONTINUUM
INITIAL CONDITIONS

In loop quantum cosmology the initial conditions for th
gravitational part of the wave function are derived from t
evolution equation and thus fixed@10#. While s0, the value of
the wave function at the classical singularity, drops out of
evolution equation and so remains unspecified, the low
values ofn show that the wave function approaches the va
zero for smalln ~see Figs. 1 and 4!. Interpreted as an initia
value, this is reminiscent of DeWitt’s proposal that the co
tinuum wave functionc(a) should vanish fora50 @1#. It is
well known that DeWitt’s initial condition can be satisfie
non-trivially only in special systems~e.g., for quantum de
Sitter space!; generically it would imply that the wave func
tion vanishes identically.

An example for a system where DeWitt’s condition do
not work in general is the one discussed in the present pa
Eq. ~26! is a continuous wave function which does not ha
a well-defined limit fora→0 if v2.vc

2 because it oscillates
with constant amplitude and diverging frequency close to
classical singularity~for v2,vc

2 DeWitt’s initial condition
can be defined and coincides with the result of the dynam
initial condition; see Fig. 2!. Another example is@22# where
a wave function of the same kind as Eq.~26! was obtained
for stiff matter and rejected because it does not satisf
DeWitt boundary condition in the sense that either the fu
tion or its derivative should be equal to zero at the class
singularity. The same is true for the continuum approxim
tion of our wave function, but in this case the problem
cured by discreteness near the singularity.

The oscillations are suppressed once their oscillat
length becomes smaller than the Planck length, and co

FIG. 4. The small-m behavior of the f-independent part
s4m(f)e2 ivf/\ of the discrete wave function (3) compared to a
continuous solution to the Wheeler-DeWitt equation~dashed line!
for v25500vc

2 . Whereas the continuous solution displays an in
nite number of oscillations, the discrete solution decreases tow
zero once the oscillation length is comparable to the Planck sc
3-7
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quently their amplitude approaches zero.~If there is pro-
longed inflation with a large value ofj, as discussed above
the oscillation length may never reach the Planck len
where this mechanism would be necessary. For a fixej,
however, a regime with small oscillation length will alway
be present ifv is large enough.! This can be seen by follow
ing the analysis of@10#: If we define

P~n!ª 1
3 kg l P

2Hf~n!~Vn/22Vn/221!21

which at large volume is approximatelyP; 2
3 kHf /a, the

discrete evolution equation~20! is

tn142@22g2P~n!#tn1tn2450.

In the neighborhood of a fixedn we can assume thatP(n) is
a constant and solve the difference equation with an an
tn5einu which leads to

e4iu2~22g2P!1e24iu52 cos 4u221g2P50.

If P is small, the solutionu5 1
4 arccos(12g2P/2) is real

and small, implying an oscillating wave functiontn5einu

with long oscillation length 2p/u'p/gAP as observed a
large volume.@This conclusion is only valid if the resulting
oscillation length is smaller than the length scale on wh
P(n) changes substantially. In particular, it does not apply
subcritical solutions for which the predicted oscillatio
length would be too large.# As P becomes larger, which wil
happen for decreasinga, u will first increase up toumax
5p/4 ~for P52g22) and then become imaginary. The res
is that the wave function will first oscillate more and mo
rapidly, as expected from the continuum approximation,
then enter a branch with exponential behavior which d
not appear in the continuum formulation. Of the two ind
pendent solutions—exponentially increasing or decreasin
only the decreasing one is allowed by the dynamical ini
conditions~Fig. 4!. This is the mechanism, essentially rel
ing on the discreteness, which allows us to generalize De
itt’s initial condition to systems where the continuum versi
does not work.~Note that a similar behavior with exponen
tial solutions can occur at large volume in the presence
positive cosmological constant. In such a case, it would
caused by large volume rather than large curvature and th
fore signals an infrared problem. In the small volume regim
however, a modified behavior is perfectly admissible a
welcome since the classical description is expected to b
down if curvatures become large.!

The diverging oscillation number close toa50 renders
inapplicable not only DeWitt’s proposal but any conditio
which requires properties of the continuous wave function
a50, which includes the ‘‘no-boundary’’ and the ‘‘tunne
ing’’ proposals.~Usually, this problem is avoided by settin
v50 or an analogous condition by hand, see e.g.@23#. Note
that this is a very strong assumption since even a tinyv
would eventually yield a large kinetic term due to the inve
volume.! As already discussed, of the proposed initial con
10400
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tions only the discrete formulation of loop quantum cosm
ogy can deal with the problem of wild oscillations close
the classical singularity.

VI. CONCLUSIONS

In this paper we considered a free massless scalar
coupled to loop quantum cosmology as a model for impli
tions of the kinetic term in a matter Hamiltonian. This ter
diverges classically at zero volume and is also problemati
standard quantum cosmology where it leads to infinit
many oscillations of the wave function close to the classi
singularity. It is caused by the inverse volume in the kine
term and is not sensitive to the special form of matter or
quantization. Therefore, we restricted our attention to
free massless scalar field quantized in a standard wa
usual in the Wheeler-DeWitt approach. A possible mass
potential term, which is proportional to the volume, wou
not change the qualitative behavior at small enough volu
where it would be suppressed. Also higher spin fields
different quantization techniques applied to the matter fie
e.g. inspired by methods for full quantum geometry@15#,
would not be significant as far as the present paper is c
cerned. We also note that we simplified the analysis by us
only the Euclidean part of the gravitational constraint mu
plied with g22 instead of the full Lorentzian constraint i
Eq. ~9!. In the flat case, both expressions agree classica
and at the quantum level the more complicated Lorentz
constraint does not lead to significant changes of the qu
tative behavior.

The quantization of the gravitational degrees of freedo
on the other hand, is important since it affects the form of
inverse volume in a quantization of the kinetic term. Wh
standard quantum cosmology treats the inverse volume
multiplication operator which does not cure its divergen
loop quantum cosmology leads to a quantization with sign
cant changes at small scales where the discreteness o
volume is important and its inverse does not diverge. T
has already been seen to imply the absence of cosmolo
singularities@9#, dynamical initial conditions for the wave
function of a universe@10#, and a new origin of inflation
@21#. The main result of the present paper is that the discr
ness at small scales also leads to a cure of pathologies o
wave function in a standard quantization, like the infin
number of oscillations caused by a kinetic matter term.

Also the issue of initial conditions is further elucidated b
this analysis. In@10# it has been shown that loop quantu
cosmology predicts dynamical initial conditions for the wa
function of a universe which can be derived from the evo
tion equation and need not be imposed by hand. In this d
vation the structure of the cured classical singularity plays
important role. In their effect on the wave function the d
namical initial conditions resemble most closely DeWit
initial condition that the wave function should vanish at t
classical singularity. The drawback of DeWitt’s approac
namely that this initial condition cannot be fulfilled non
trivially for most systems of physical interest, has been s
to be eliminated by effects of the discreteness of loop qu
tum cosmology. Therefore,the dynamical initial conditions
3-8
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of loop quantum cosmology present a meaningful gener
zation of DeWitt’s initial conditions.

We also emphasize that loop quantum cosmology lead
more reliable results than standard quantum cosmology
cause some quantization ambiguities like the factor orde
of the gravitational part of the constraint are fixed~while it
shares the feature of being a minisuperspace quantiza
which freezes infinitely many degrees of freedom!. Never-
theless there are ambiguities of a different kind which c
affect physical consequences and therefore in principle
to observable effects. This has played a role in the discus
of a critical matter energy necessary for an oscillating wa
function in the particular model studied here. Its value d
n
-

10400
li-

to
e-
g

on

n
ad
on
e
-

pends on the quantization ambiguities, but its presence
be concluded from loop quantum cosmology, unlike stand
quantum cosmology where it may or may not occur depe
ing on the ordering.
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