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A free massless scalar field is coupled to homogeneous and isotropic loop quantum cosmology. The coupled
model is investigated in the vicinity of the classical singularity, where discreteness is essential and where the
guantum model is nonsingular, as well as in the regime of large volumes, where it displays the expected
semiclassical features. The particular matter conterdssless, free scajais chosen to illustrate how the
discrete structure regulates pathological behavior caused by kinetic terms of matter Hamiltemighsin
standard quantum cosmology leads to wave functions with an infinite number of oscillations near the classical
singularity). Because of this modification of the small volume behavior the dynamical initial conditions of loop
guantum cosmology are seen to provide a meaningful generalization of DeWitt's initial condition.
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[. INTRODUCTION guantum cosmology emerges as an approximdfidrvhich
is very good in the semiclassical regime but not applicable

Since the early days of canonical quantum grayity2] near the classical singularity, where quantum effects of grav-
isotropic cosmological models have been popular test obity become dominant and the discreteness of geometry at the
jects. In the geometrodynamical approach quantum states aseale of the Planck length becomes essential. The discrete-
considered to be continuous functions of one or more variness leads to a resolution of the singularity problem through
ables, typically metric or extrinsic curvature quantities ofthe following mechanism: Already at the kinematical level,
space-like slices, and of matter variables if the system ishere is an indication for a natural curvature cutoff since the
coupled to matter. Whereas in general geometrodynamics thassically diverging quantita ™! has a finite quantization
configuration space for wave functions is the “superspace oWith an upper bound of the size of the inverse Planck length
geometries” with infinitely many degrees of freedom param-[8]. Furthermore, an investigation of the dynamical evolution
etrizing the metric at each point of space, the number ofonfirms that the classical singularity does not appear as a
degrees of freedom of homogenous models reduces to a fboundary but instead allows a well-defined evolution through
nite amount since all geometric quantities are spatially conit [9].
stant. Such “mini-superspace” models thus become acces- In the context of the present paper we are mostly inter-
sible to quantum mechanical methods, while one has to bested in another consequence of loop quantum cosmology:
careful when interpreting the results in light of the strongnamely, that it predicts dynamical initial conditions which
reduction of the number of degrees of freedom. The isotropi@re derived from the evolution equati¢hO]. The issue of
model represents the smallest possible minisuperspace withitial conditions in quantum cosmology has been widely
only one geometric degree of freedom, the radius of the unidiscussed1,11,13, in part as an attempt to deal with the
verse. singularity. DeWitt’s initial condition, which is closely re-

In the classical limit at large volume such models are welllated to the outcome of the dynamical initial conditions, re-
behaved and reproduce their classical counterpart. The prolires the wave function to vanish at the classical singularity
lem of the classical singularity at zero volume, however, is(which, however, with continuous geometrical spectra does
not cured, which is related to the fact that spectra of geometrot solve the singularity problem since one can still get ar-
ric operators remain continuous in standard quantum cosmobitrarily close to vanishing volumgl4]). On the other hand,
ogy. (Nevertheless, at the level ekpectation valuethe ex- it is well known that DeWitt's condition is not applicable in
pansion or contraction velocity, for example, may remaingeneral because in most cases it would predict an identically
finite and discrete features may emef@s.) On the other vanishing wave function. A particularly thorny issue, also for
hand, loop quantum cosmolody] inherits from quantum other boundary proposals, is the fact that solutions to the
geometry a discrete structure of geomefBy6] which is  Wheeler-DeWitt equation often exhibit an infinite number of
most relevant at small scales. Still, at large volume standardscillations between the vanishing scale factor and any finite

value. In such a case, the limit of the wave function #or

—0 is not always well defined and one cannot even impose
*Email address: bojowald@gravity.psu.edu initial conditions ata=0. The origin of the infinite number
TEmail address: franz@physics.muni.cz of oscillations is the kinetic term in a matter Hamiltonian
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which is proportional toa 3. At small a, the Wheeler- Wherepd,:a% is conjugate tap.

DeWitt equation requires the derivative of the wave function Together with the gravitational part of the Hamiltonian
to be proportional to the square root of the kinetic term,constrainf4] we obtain in the isotropic case

which diverges fora—0. Usually, one tries to avoid this

problem by choosing a wave function which is independent H= —6772K7102\/m+ Hy
of the matter field at smak so that the matter momentum _ Lo 1o [T 11-3/2.2
vanishes and the kinetic term is identically zero. However, =—6y "k "clpl+z[pl =0 @

for larger volume the wave functiomustdepend on the . o
. L . here the canonical gravitational degrees of freedom are the
matter field non-trivially which forces a dependence at smal ; . . .
Isotropic connection componeatnd(densitized triad com-

volume, too. Even if the dependence is only weak, the di- . ' 1 - :
verging kinetic term will eventually dominate whem is ponentp which fulfill {c,p}=5y«. Here, k=87G is the

small enough. In the present paper we investigate if there I%rg]v &?&T\L;ﬁgséigsinoﬁ ;r;ficli?{‘zeggég}g{ T)le%aa(r&rﬂ?tter
a more natural way to deal with this problem from the point:

of view of loop quantum cosmology. is important for the quantum theory since it scales the spectra

Since this problem is caused by the kinetic term indepen9f geometric operatofs Becausep is a triad component

dently of the potential, we will analyze it in the most simple which has two possible orientations, it can take both positive

. T : nd negative values. This is also true for the scale famtor
setting, which is isotropic loop quantum cosmology COUpIeClilvhich is the isotropic co-triad component and relateg ty

to a free massl lar field. In this way, the total ntum o L
0 a free massless scalar field S Way, the fotal quantu =sgn(a)a2. From now on, however, it will be sufficient to

Hamiltonian acts on the state function containing one degreConsider only positive p and &hough we keep absolute

of freedom of geometry and one of matter. The formulationvalue sians “}]/ spome forngulas for thegsake of egerjaﬁme

is based o1f4,8] where a discrete orthonormal basis of states 9 . ' g€

of homogeneous and isotropic quantum geometry has bee(ﬁ)nnectlon componeryi IS rela_ted_to the extr|r115_|c curvature

established which provides eigenstates of the volume opere?—nd therefore to the time denyatwe atby c=za.

tor. In the absence of a potential, the matter momenfym
This paper is organized as follows. In Sec. Il the quantum_ ® is a constant in time and the solution

Hamiltonian constraint equation with a massless scalar field

is formulated, leading to a difference equation which is

solved in Sec. lll. In Sec. IV the continuum and semiclassi-of Eq. (2) only depends omp. To understand the classical

cal Iir_nit are considered and poss_ible physica_l CONSEQUENCER 5 ytion in a coordinate time (with lapse functionrN=1)
are discussed. Section V deals with a comparison of dlffereruve compute

proposals for initial conditions.
p={p,H}=4'y*lC\/B=2\/K/3wp71/2

ieldi t)y=a(t)?=[ 3k w(t—t)]1??, i.e. ternall
We begin with the Lagrange density of a massless scal%‘fp;;]gin%( Jnivae(rs)e. [V3r w(t—to)] €. an etemnaly

field ¢ on a spacelike slice of a canonically decomposed \ow we quantize the field canonically by assuming a

4-dimensional space-time manifold, wave functiony(¢) and the canonical momentum acting as
a derivative operator on it,

c=3yVkl3wlp 3

II. THE QUANTUM HAMILTONIAN CONSTRAINT

Ly=3[>— (V)2

whereV denotes the spatial derivative on the slice and the f)¢==—iﬁ£, (4)
dot the derivative with respect to the time coordinate. In our

case, the spatially flat Friedmann model with the metric g4 that the Hamiltonian for spatially constant fields becomes

ds?= —dt?+a?(t)[ dx2+ dy2+ dz?], o2
_ Hy=—3h%al 3— (5)
the total matter Lagrangian becomes do
: it is denotedH , si ill later introd th -
'—¢>:f Px \/—_gﬁz%f ox a® $2, (it'is Aeng e s smc.:e we wi agr introduce another op
eratorH , in which a is also quantized

For a quantization in the complete system of gravity and
where, in order not to disturb homogeneigyis assumed t0  matter we need a quantization of the inverse poyeer 3
be spatially constant so that the gradient term vanishes ideRghich diverges classically close to the singularity. In stan-
tically. The integral over the coordinate depending term, i.eqard quantum cosmology this would simply be quantized to
the total volume divided bya®, will be set equal to one 4 multiplication operator acting on wave functions depending
which can be achieved by an appropriate compactificationgn a, which does not cure the divergence. Loop quantum

For the Hamiltonian of the field we obtain cosmology, on the other hand, can easily deal with this prob-
Lo 3 lem: while the volume operator has zero eigenvalues and so
H,=2pga @ no well-defined inverse, there are well-defined quantizations
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of inverse powers of the scale fac{@&]. This inverse power A mele)=:IneH .(n 11
of the scale factor is essential for the issues studied in the ¢| yel¢)=:In) ol 2 @)

present paper. The details of the quantization of the matte each|n) and arbitrary| ¢). For the massless field we only
field are irrelevant; one can also use quantization techniques " "' e B in a stat
inspired from loop quantum gravitisee e.g[15]). ave to insert the eigenvalue @ ~" in a state|n), so we

To specify the gravitational part of the wave function in obtain
loop quantum cosmology we start in the connection repre- &
sentation where an orthonormal basis is giver{dly I3|¢(n)= — 14216341 g)—e(m_ m)edT)z_
1
ex;{iinc (12)
(cln)=——3— neZ (6) Finally, a statds) is annihilated by the total Hamiltonian,
\/Esinzc the sum o, in (9) andH 4 in Eq. (11) with Eq. (12), if s,

satisfiedwe absorb the sign af appearing in Eq(9) into the

A state|n) can be interpreted as an “isotropic spin network Wave functiorj
state” where (n|—1)/2 plays the role of the spin label. As

seen from the full theory, however, these states are distribu- (Vin+ap2= Vin+ai2-1)Sn+4(¢)
tional as a consequence of the symmetry and correspond to — 2V =V S
non-normalizable superpositions of ordinary spin network (V2= Vini2-1)8( &)
states. Still, the discrete structure of geometry is preserved +(Vin—aj2=Vin-42-1)Sn—a($)
when restricting to the statés): They are eigenstates of the 5
volume operator d

g = a2 (WVinz= Winiz-1)° g 5(#) (13

VIny =GR ¥A(n[= DInl(In]+1)[n)=:V(jaj-1y2n)
(7)  with
with discrete eigenvalues. I is small the effects of the _
J =258y 2(y12) 5. (14

discreteness become most significant and there are depar-
tures from the classical geometry. For instance, there is a

well-defined inverse scale factor operator which also has the (Ij\lo;te tha’;r;the B?rbfro-lfrrgrznlr2| pa;ame(tjggap_?ﬁars f'm

stategn) as eigenstates and actiome only use the diagonal andaiso In the pretactor ot the spedt _aan (8). erefore,

part of the operatom, derived in[7]) quantitative results, which are also discussed later in the pa-
1J

per, will depend on the value of this parameter. Technically,
T N-2 N R \2 v arises as a quantization ambiguity which has to be fixed by
la] ™M =16715) " *(Win2= Winrz-0)°In) - @) Jpeervations or by comparing the results of explicit calcula-

. _ . . . tions with those obtained by other means. This has been done
with =i being the Planck lengtfin Eq. (8) V_; is using the expected Bekenstein-Hawking result for the en-

understood to be zefoAs discussed ihl17], the quantization ) :
of the inverse scale factor is affected by quantization ambi{f@PY Of @ black hole which yields the value=log 2/m\3

guities. The effect of different choices will be discussed™0-13 independently of the black hole parame{d8,19.

later: they do not lead to substantial changes in most of th& the flat isotropic model studied herg,can be understood
following calculations and results. physically as a parameter controlling the continuum lirt

The action of the gravitational Hamiltonian on the basislUSt @s# controls the classical limit. In the full theory, a

statesn) is [4,13] similar rqle ofy i_n this.context is not _clear.
Equation(13) is a difference equation of order 8 for the
Ao my=3v"2( k12~ Lsarm (Voo — Vi s wave functions,(¢) in the internal timen. A priori, there
oral 1) =37 (ey1B)™28Gr(M) (Vipiz2 = Vipirz-1) could be a problem at zero volume since some of the coef-
X(|n+4)=2|n)+|n—4). (9) ficients of the difference equation can vanish duevto,

_ =V_1»=Vo=0. In fact, the coefficient o§y()—and only
Now we write the states of the coupled system matter plushis one—always vanishe@ote that, unlike in a classical

gravity as a superposition of geometry eigenstates equationa| ~* annihilates the zero-volume state which rep-

® resents the classical singulajityfhus, there is always a so-
|s)= E sa()|n) (10) lution s,( @) =sy(¢) 6,9 Which is orthogonal to all other so-
nSte " lutions and need not be taken further into account. The only

. o . free function then iss,(¢) for n=4, from which one can
with ¢-dependent coefficients,(¢) which represent the computesg, and so on, yielding all coefficients,(¢) as
state in the triad representation. We use E&].to quantize  functions 0f34(¢))_ The intermediate Va|u$am+i(¢) for i

the inverse volume in the matter Hamiltoniés). Since the =1 2 3 are essentially fixed by the principal serigs( )
gravitational part of the resulting operaﬂarqs is diagonal in by requiring that the wave function does not vary strongly on
the basis stategls) we can define small scales i is large(i.e. that it is pre-classicdlL0]).
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The simplest choice for the free functisy(¢), besides a close to the classical singularity in the presence of matter.
constant, is an eigenfunction of the matter HamiltonianThe advantage of an initial condition like E@.5) is that the
H,(4) forn=4 gravitational and the matter degree of freedom separate such

é J - L A

. that then behavior of the wave function is still given by an
Sq(p)=x(p):=e ¥t (15  ordinary difference equation. If a more complicated function
than Eq.(15) is required, it can always be constructed as a

wherew is the eigenvalue ob,, . (A spatially constant mass-  gyjtable superposition of our solutions with different
less field on Minkowski space with a non-vanishing energy

eigenvalue would not be possible, but here geometry acts as
a potentiall Because y(¢) is an eigenfunction for all Ill. SOLUTIONS OF THE HAMILTONIAN CONSTRAINT

H4(n), the ¢ dependence of all theyy, is the same. This Having made the above observations atsyuands,, we

will simplify the analysis since we can compute the wavepegin with insertingn=4 into Eq. (13) and obtainsg in
function from an ordinary difference equation rather than aerms ofs,= y(¢),

difference-differential equation; the combination

s,(p)e '“?" will be ¢ independent. VIR B 6
We do not intend to justify the initial conditiofl5) with se( )= 2(Vp= Vi) —aw?(\Vo— V1) Y(b)
any givenw by a physical argument; rather, we choose it to V4—Vs

simplify the subsequent calculations while retaining qualita-
tive aspects as to the behavior of the wave funcpfyp) and, in consequence, all

2(Vom—2=Vom-3)— awz( VVom_2— \/Vzm—3)6 Vom-4—Vom

Sam-a(#) = 2 Sam(#) for meN. (16

S )=
4m(¢ V2m_V2m71 2m—

For an explicit calculation of the coefficients,, it is  tors containing there remains only the last ona;— j,, with
convenient to introduce some shorthand notations. We defing, defined to be zero, so that this contribution is
6 mD;- - Dom-1y- . . o
Dpi=Vp—Voy and Wyi=(VWa—WV,u_1)®, For the purpose of numerically calculating the coefficients
in terms of a given initial one the recurrence relatidrm)

then we split off the ¢ dependence by defining may be more convenient than the solutids).

¢-independent coefficients, by ro=0, r;=1 and Insertingn=0 into Eq. (13) leads tos_,(¢)=s4(9).
, Further on, Eq(13) is symmetric in the sense that the rela-
Sum(P) =" m x(¢) for m=2. tions betweers_,, S_g, S_1», ... are the same as the re-
DomDom-2...Dy spective relations fos,, Sg, Si», ... and so the series,,, is

symmetric inm. By the argument of pre-classicalify] this

_ symmetry applies to the remaining ser&s,.; as well. With
M- the physical interpretation af as an internal time we have
obtained time symmetry of our wave function with respect to
the classical singularity.

Inserting this into Eq(16) yields a recurrence relation for the

I'm=(2Dom—2— awZWZm,z)rm,l— Dom—2Dom—aTm-2-
(17

An explicit solution can be found after calculating a feyy,

. . . IV. CONTINUUM AND SEMICLASSICAL LIMIT
and confirmed by induction:

For largen, whenV,, becomes very large in comparison

_mzl a0 S i o with I3, the discreteness should only lead to small correc-
m= 2 (—ao?) 0 Jaz=J0) - Ui Ji-a) tions, i.e. the discrete time evolution fromto n+4 should
become well approximated by a continuous evolution. Under
X(M=J)Woj, - - -Wo; Doy Dy . (18)  this assumption the difference equation should be approxi-
mated with high accuracy by a differential equation for a
This formula has the following meaning;, ... ,jx are in-  continuous wave functions(p, ¢) =Sy (¢), wheren(p)
tegers between 1 anti— 1, according to the"(,’(l) possi- =6p/y|,23 can be derived from the volume eigenvalu@s
bilities to choosek numbers out of{1,2,... m—1}, ar-  Usually, the original difference equation is of higher order
ranged in increasing order. The numbéis, ...,jm—1  than the resulting differential equation in the continuum ap-
appearing as labels @, are given by the remaining values proximation and thus has more independent solutions. How-
in{1,... m=1}\{j1, - ...k} in an arbitrary ordering. The ever, most of these solutions will vary strongly if one goes

casek=0 is to be understood in the way that from the fac-from nto n+1, i.e. if the volume is changed by one Planck

104003-4



ISOTROPIC LOOP QUANTUM COSMOLOGY WITH MATTER

cube. Such a solution cannot be expected to behave almost

classically, not even at large volume. Omise-classical 10]
solutions which do not vary strongly at small scales if the

volume is large can be allowed for a semiclassical analysis,

and only those solutions can be recovered from the approx
mating differential equation. As discussed 9], among the

PHYSICAL REVIEW [®6, 104003 (2002

”

413
3kh?

”n
, N

p N~ x wlh*=const.

IWe assumew?>0, because the matter Hamiltonian is ex-

pected to have a positive spectrum. With this assumption the

solutions of the difference equation there is always one®lution x coincides with the function used fa in Eq.

which is slowly varying at small scales for largeand so
justifies the assumption of pre-classical behavior.

A. Large volume behavior

(15), denoted by the same letter. The ordinary differential
equation forN(p) has the solutiondl(p)=p* with

A=3+ \/%—%K(x)2||;4.

(22

To approximate Eq(13) by a differential equation it is the asymptotic differential equatiof®1) applies also for

convenient first to make a slight change of variables. Wq4

define the new variablévorking only with positiven>0)

ta( @) :=(13) " (Viz— Via—1)Sn( b) (19

which for large n is approximated by t,(¢)

~3p(M) ¢ (p(n),#)=9(p(n),#). In terms oft,(¢) the

evolution equation becomes

tn-*—4( ¢) - 2tn( ¢) +tn—4( ¢)

Zaﬁz( VVine— V\/nlzfl)6 d_zt (&) (20)
V= Viiz-1 d¢2 : -

Furthermore, we need the asymptotic approximations

Vi = Virz-1~24 (1502
= 3Y3VP(N) (W= V- 1)®
N ( %)3/2( 'yl |23) 9/2n —-3/2
=(F719)°p(n) %2

For the differences operator on the left-hand side of (2@).
we obtain in the continuum limit 18/dn?

=£(y12)%3%/9p?, acting on the functiony(p,¢), so the
asymptotic equation becomes

413 2 9

2
3kh? P

I (21)

¥(p,$)=0.

Note that a standard quantization in geometrodynamic
would have ordering ambiguities in the gravitational part of

m+i fori=1,2,3, so, in order to have a smooth function for
largen we assume théb dependence of the remaining three
free coefficientss;, s, ands; to be the same as that sf,
given by the functiony(¢), endowed with constant factors
which could be fitted by a numerical analysis.

The last resul{22) deserves some discussion, because it
provides a threshold for a qualitatively different behavior of
the solutionN(p), according to the sign of the expression
under the square root. b is smaller than a critical value,
determined by

wg=%|é/l<=%f<ﬁ2, (23
the exponenh is real and fore going to zero one solution
for N(p) approachesp, the asymptotic function for the
vacuum calculated if4], the other one approaches a con-
stant. Forw larger thanw,

N(p)=p2p=i®=ple*i®logp (24
with
0=33kwlp ~1=31"1B30k—1%. (25

Reconstructing/(p, ¢) from %(p,$) we finally obtain

Y(p,p)=2e*12109pgiwdli 26

Formally this solution is a quantum mechanical wave func-
tion of a particle moving from small values @f to larger
ones with decreasing speed, whereas solutions with real
powers ofp, coming from undercritical values ab, are
lacking such a dynamical interpretation. An example of an
oscillating solution can be seen in Fig. 1 f@?=500w§, a
gon-oscillating one withv?=w? in Fig. 2.

Note that the presence of a critical frequenrgydepends

the Wheeler-DeWitt equation, whereas the derivation her@n the ordering of the Wheeler-DeWitt equation; choosing,

leads to a unique ordering in loop quantum cosmolpty
The variables in this partial differential equation can be
separated by a product ansatz,

P(p,p)=N(p)x(o),

so that we obtain

e.g., the orderingd/ ap(pal ap) instead ofp?9?/ 9p? would
give oscillating solutions for all non-zeww. Therefore, stan-
dard quantum cosmology cannot imply such a behavior reli-
ably. Loop quantum cosmology, on the other hand, has a
distinguished ordering and thus predicts the existence of a
critical frequency for the system studied here.

Before interpreting the physical significance of we
note that the possibility of a non-oscillating wave function
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m m
FIG. 1. Theg-independent pars,,(¢)e '**" of the discrete  FIG. 2. A suberitical (= 2w2) wave functionsy(¢)e #/s

wave function ) compared to a continuous 2so|ution to the compared with the continuous DeWitt wave functitsolid line)
Wheeler-DeWitt equatiofdashed lingfor w2=590wc- Strong de-  and a continuous wave function which does not satisfy DeWitt's
viations occur only at very smafi=4m (see Fig. 4 and will be  jnitial condition (dashed line; any such solution diverges aat

discussed later. =0).

for w?< w? is not in contradiction with semiclassical behav- 211

ior at large volume. The standard semiclassical analysis re- Emax=3—23/2w2.
quires oscillating WKB) solutions which in our case can be 3%(71p)

derived from Eq.(3) after replacingc with §yxdS/dp and
are given by Nyyg(p) =exp(Sh)=exp(Qwidogp) With gy jhqerting o2 into Eq. (25) the distinction between oscil-

=1 2.2 25,2 ; i ) EL ) )
Qwie= 7 V3kwllp. For o™ w; the _frequencyﬂ n faczt lating and non-oscillating behavior can be expressed in terms
reduces toQ«g. The non-oscillating solutions forw of this initial energy,

< w? cannot be interpreted in this way, but this should not be

expected since in the classical limait,.= 3 k%2 vanishes and

so any non-zero frequency will be larger than the critical

one. nensy ? 0 N7 sy [Emax 256

- .32
32 7 E, 81z’ (28)

B. A critical . . .
criticat energy with Ep denoting the Planck energyn@i/lp=1p/G. This

We have seen that loop quantum cosmology predicts thexpresseq) in terms of the ratioE,,,/Ep, Whose critical
presence of a critical frequency for a dynamical evolution inyg|ye (256/8%1) vy~ 3>~ 1.006 is close to one foy equal to
the particular model studied here. While this prediction ispne, but has the larger value-21.5 for the valuey
reliable(in contrast to standard quantum cosmology where it— |OgZ/7T\/§~O.13 which has been computed by comparing
may or may not exist, depending on the factor ordering ofhe plack hole entropy resulting from a counting within
the constraint we will see that the precise value depends onguantum geometry with the semiclassical Bekenstein-
quantization ambiguities of a different kind.  Hawking result[18,19. Only if E,./Ep is larger than the
For an interpretation ofo. we first compute the associ- critical value can a dynamical evolution of the classical
ated (1a-dependenteigenvalues of the matter Hamiltonian, griedmann model set in.
This observation implies that we need a maximal energy
E(a)=3|a] 3w? (27)  in a Planck volume whictexceedshe Planck energy, being
apparently in conflict with the heuristic but widespread ex-
pectation that there can be at most an energy amousg of
In standard quantum cosmology, this expression is una Planck volume(Often, the holographic principl20] is
bounded from above and does not have a distinguished valugsed to arrive at this conclusion. In the present context, there
which would be suitable for an interpretation. In loop quan-is no direct contradiction of results obtained within the for-
tum cosmology, on the other hand, we do have—for a giverinalism used herg.Usually, inflation is invoked to explain
w—an upper bound foE which can serve as a natural value how the huge amount of energy in the present universe can
for an interpretation. Taking for fH| the maximal eigen- have originated from a Planck scale universe. Here we can
value of the inverse scale factor operator, occurringhat see that the relation between the maximal energy and infla-
=2, we get a relation between the maximal field energytion is even more intimate in loop quantum cosmology: One
concentrated iV,,= £(y12)%? and w?: can reduce the critical value f@,,,/Ep by using a different
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FIG. 3. A wave function with an extended inflationary phase FIG. 4. The smalim behavior of the ¢-independent part
(j=200) and standard behavior at large volume ffior 2j =400 Sam( )™ @?* of the discrete wave function) compared to a
(0?=5000). continuous solution to the Wheeler-DeWitt equatiafashed ling
for w2:500w§. Whereas the continuous solution displays an infi-

guantization for the inverse scale factor instead of @). nite number of oscillations, the discrete solution decreases toward

parametrized by an ambiguity paramejéa non-zero half-

zero once the oscillation length is comparable to the Planck scale.
integer, se¢17]) such that
mal value for|a|j’3 is reached, standard behavi@6) sets in
|a|j_1|n)=14é[j(j +1)(2j+1)]72(y1D) 2 with increasing oscillation length toward larger volume.
j 2
V. COMPARISON WITH CONTINUUM
X k;j KVV(jntak-1)2] - (29

INITIAL CONDITIONS

) . ] 3. In loop quantum cosmology the initial conditions for the
As derived in[17], the maximal value ofa|;~ is then at-  gravitational part of the wave function are derived from the
tained if n=2] and approximately given by, * (the ap-  evolution equation and thus fixéti0]. While s,, the value of
proximation gets better for largg. This gives a maximal the wave function at the classical singularity, drops out of the
energy evolution equation and so remains unspecified, the lowest
values ofn show that the wave function approaches the value
E, i~ 02V I~ 10 yl2)73’2(3/j)3’2 zero for _sm_aIIn (s_eg Figs. 1 and)é_llnterpreted as an initial
maxj 2T T2 P value, this is reminiscent of DeWitt’s proposal that the con-
and tinuum wave functiony(a) should vanish foa=0 [1]. It is
well known that DeWitt’s initial condition can be satisfied
non-trivially only in special systemée.g., for quantum de

E . 3 Sitter spacg generically it would imply that the wave func-
O~ \Jam3~ 4 yj)3/4\/ Ea” - 1677([_)3/2. tion vanishes identically.
P 7!

An example for a system where DeWitt's condition does
not work in general is the one discussed in the present paper:
The critical value (/3/16m)(yj) **~0.74 ~*2for Eno/Ep  Eq. (26) is a continuous wave function which does not have
is then suppressed Ly ¥2 and much smaller than one for

. any" . one a well-defined limit fora— 0 if w*>w? because it oscillates
largej (note that this critical value for=3 does not coincide

. i oIncif with constant amplitude and diverging frequency close to the
with the one obtained above because the approximation f4|assical singularity(for w?<w? DeWitt’s initial condition

the maximum of Eq(29) is bad for very smal]). Moreover,  can pe defined and coincides with the result of the dynamical
the maximal energy is not obtained in the initial Planck vol-jnitial condition; see Fig. 2 Another example i§22] where
ume but in a volume of sizvj~(%j J¥1p)%. As observed in  a wave function of the same kind as E@6) was obtained
[21], using a quantization with a large valuejalso leads to  for stiff matter and rejected because it does not satisfy a
a prolonged phase of inflation in the very early universeDeWitt boundary condition in the sense that either the func-
displaying the relation between a maximal energy below thdion or its derivative should be equal to zero at the classical
Planck energy and inflation. singularity. The same is true for the continuum approxima-
A large value off modifies the small volume behavior of tion of our wave function, but in this case the problem is
the wave function considerablfig. 3. Its oscillation length  cured by discreteness near the singularity.
and amplitude first decrease with increasing volume, which The oscillations are suppressed once their oscillation
is characteristic of an accelerating universe. When the maxiength becomes smaller than the Planck length, and conse-
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quently their amplitude approaches ze(t. there is pro- tions only the discrete formulation of loop quantum cosmol-
longed inflation with a large value ¢f as discussed above, ogy can deal with the problem of wild oscillations close to
the oscillation length may never reach the Planck lengthhe classical singularity.

where this mechanism would be necessary. For a fjxed

however, a regime with small oscillation length will always

be present ifv is large enough.This can be seen by follow- V1. CONCLUSIONS

ing the analysis of10]: If we define In this paper we considered a free massless scalar field
coupled to loop quantum cosmology as a model for implica-
P(n):=1kyl2H oM (V2= Viz 1)1 tions of the kinetic term in a matter Hamiltonian. This term

diverges classically at zero volume and is also problematic in
standard quantum cosmology where it leads to infinitely
many oscillations of the wave function close to the classical
singularity. It is caused by the inverse volume in the kinetic
term and is not sensitive to the special form of matter or its
thya—[2— ¥*P(n)Jt,+t,_4=0. quantization. Therefore, we restricted our attention to the
free massless scalar field quantized in a standard way as

In the neighborhood of a fixedwe can assume th&(n) is  usual in the Wheeler-DeWitt approach. A possible mass or

a constant and solve the difference equation with an ansagotential term, which is proportional to the volume, would
tnze"“" which leads to not change the qualitative behavior at small enough volume

where it would be suppressed. Also higher spin fields or
4o 5 4 . different quantization techniques applied to the matter field,
e’ —(2-yP)+e "'=2cos -2+ yP=0. e.g. inspired by methods for full quantum geomefiy],
would not be significant as far as the present paper is con-
If P is small, the solutiord= zarccos(-y°P/2) is real  cered. We also note that we simplified the analysis by using
and small, implying an oscillating wave functian=e""’  only the Euclidean part of the gravitational constraint multi-
with long oscillation length &/ 6~ m/y/P as observed at plied with 2 instead of the full Lorentzian constraint in
large volume[This conclusion is only valid if the resulting Eq. (9). In the flat case, both expressions agree classically,
oscillation length is smaller than the length scale on whichand at the quantum level the more complicated Lorentzian
P(n) changes substantially. In particular, it does not apply toconstraint does not lead to significant changes of the quali-
subcritical solutions for which the predicted oscillation tative behavior.
length would be too largéAs P becomes larger, which will The quantization of the gravitational degrees of freedom,
happen for decreasing, 6 will first increase up t06,,«  on the other hand, is important since it affects the form of the
=714 (for P=2vy2) and then become imaginary. The resultinverse volume in a guantization of the kinetic term. While
is that the wave function will first oscillate more and more standard quantum cosmology treats the inverse volume as a
rapidly, as expected from the continuum approximation, buimultiplication operator which does not cure its divergence,
then enter a branch with exponential behavior which doe$oop quantum cosmology leads to a quantization with signifi-
not appear in the continuum formulation. Of the two inde-cant changes at small scales where the discreteness of the
pendent solutions—exponentially increasing or decreasing—volume is important and its inverse does not diverge. This
only the decreasing one is allowed by the dynamical initialhas already been seen to imply the absence of cosmological
conditions(Fig. 4). This is the mechanism, essentially rely- singularities[9], dynamical initial conditions for the wave
ing on the discreteness, which allows us to generalize DeWtunction of a universg10], and a new origin of inflation
itt’s initial condition to systems where the continuum version[21]. The main result of the present paper is that the discrete-
does not work(Note that a similar behavior with exponen- ness at small scales also leads to a cure of pathologies of the
tial solutions can occur at large volume in the presence of avave function in a standard quantization, like the infinite
positive cosmological constant. In such a case, it would bewmber of oscillations caused by a kinetic matter term.
caused by large volume rather than large curvature and there- Also the issue of initial conditions is further elucidated by
fore signals an infrared problem. In the small volume regimethis analysis. IM10] it has been shown that loop quantum
however, a modified behavior is perfectly admissible anccosmology predicts dynamical initial conditions for the wave
welcome since the classical description is expected to breafkinction of a universe which can be derived from the evolu-
down if curvatures become large. tion equation and need not be imposed by hand. In this deri-
The diverging oscillation number close to=0 renders vation the structure of the cured classical singularity plays an
inapplicable not only DeWitt’'s proposal but any condition important role. In their effect on the wave function the dy-
which requires properties of the continuous wave function ahamical initial conditions resemble most closely DeWitt's
a=0, which includes the “no-boundary” and the “tunnel- initial condition that the wave function should vanish at the
ing” proposals.(Usually, this problem is avoided by setting classical singularity. The drawback of DeWitt's approach,
»=0 or an analogous condition by hand, see E28]. Note  namely that this initial condition cannot be fulfilled non-
that this is a very strong assumption since even a tiny trivially for most systems of physical interest, has been seen
would eventually yield a large kinetic term due to the inverseto be eliminated by effects of the discreteness of loop quan-
volume) As already discussed, of the proposed initial condi-tum cosmology. Thereforghe dynamical initial conditions

which at large volume is approximate ~§KH¢/a, the
discrete evolution equatiof20) is
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of loop quantum cosmology present a meaningful generalipends on the quantization ambiguities, but its presence can
zation of DeWitt’s initial conditions be concluded from loop quantum cosmology, unlike standard
We also emphasize that loop quantum cosmology leads tguantum cosmology where it may or may not occur depend-
more reliable results than standard quantum cosmology bénag on the ordering.
cause some quantization ambiguities like the factor ordering
of the gravitational part of the constraint are fix@dhile it
shares the feature of being a minisuperspace quantization
which freezes infinitely many degrees of freedoiNever- We are grateful to A. Ashtekar, D. Coule, and S. Major for
theless there are ambiguities of a different kind which cardiscussions. M.B. was supported in part by NSF grant
affect physical consequences and therefore in principle leaBHY00-90091 and the Eberly research funds of Penn State.
to observable effects. This has played a role in the discussiofRH. would like to acknowledge CGPG for hospitality at
of a critical matter energy necessary for an oscillating wavePenn State and the Czech Ministry of Education for support,
function in the particular model studied here. Its value de-contact No. 143100006.
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